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Group—A
Unit - |

(Answer any six questions)

3
X .
——— if x*+y*#0
1. Let f(x,y) =< x*+Vy? y
0 Lifx*+y*=0
a) Examine for the existence of directional derivative at (0,0) along the direction of unit vector (a, b)
and

b) hence state, with reasons, whether f is differentiable at (0,0)
c) Can you infer the existence of f and fy at (0,0) from your result (a)? [1+2+1+1]

2. If ScR", let f:S—R"be a function with values in R™, and write f = (f;, f, ..., f)). Prove that f is
differentiable at an interior point ¢ of S if, and only if, each f; is differentiable at c. [5]

3. Let fand g be functions from R"to R™. Assume that f is differentiable at c, that f(c) = 0, and that g is
continuous at c¢. Let h(X)=g(X)f(x). Prove that h s differentiable at c¢ and

that h'(c)(u) = g(c) «{f'(C)(u)} if ueR". 5]

4. Let u(x,y) be homogeneous function of degree m(=0), having continuous second order partial
derivatives and satisfy Laplace's equation.

Let v(x,y)=m"(yu, —Xu, ). Prove that v satisfies Laplace's equation. [5]

5. Using the property of Jacobian, show that f, g and h are functionally related where
f(X,Y,Z,W) =X+Y+Z2+W, g(X,Y,Z,W) =X +y* +2* +W’

h(X,Y,z,W) =2(Xy + YZ + ZX + XW + YW + ZW) . [5]
6. Given that u(x,y) and v(x,y) are differentiable functions and are not functionally related and
2 2
M _IN show that (@j.a(x,y):(é_xj | [5]
ox |oy ov) o(u,v) \adu

7. a) Let f and g be functions on R with continuous derivatives, f(0) = 0, f'(0)=0. Consider the
equation f(x)=tg(x);x,teR. Show that in a suitable interval |t|<&, there exists a unique
continuous function x = x(t) that solves the equation and satisfies x(0) = 0. [2]

b) Let f(p,q,r,s)=p>*+q>—rp+sin(s+p)=0

g(p,q,r,s) =p°q+cos(p+2q+r—s)—q—-1=0
Explain whether we can solve for p and g in terms of r and s. [3]

8. Let f(x,y):a/| xy|. Show that the Taylor's expansion is not valid about the point (x,xX) in any
neighbourhood of (x,x) containing (0,0). [5]

(1)



10.

11.

12.

13.

14.

15.

Find the lengths of the axes of the ellipse 5x* + 8xy + 5y* = 9 using the method of Lagrange's
multipliers. [5]
Unit - 11
(Answer any four questions)
a) Prove that dE(AX B):Z—?x B+Ax(:j—B where A and B are differentiable vector functions of t.
Hence deduce E(Ax(éxé)) :d—Ax(éxé)JrAx d—Bxé +Ax éxd—c . [4]
dt dt dt dt
b) For the circular motion of a particle, Vv=mxT, assuming that  is constant, divv = [1]
i) 2| 0| i) |®] i) 2| o] iv) 0
a) Prove that Vx(fxg)=f(Veg)—g(V+f)—(Ff+V)§+(G-V)f where f and § are differentiable
functions. [3]
b) If & and b are irrotational, then dxb is
) irrotational i) solenoidal
iii) irrotational and solenoidal both Iv) neither irrotational nor solenoidal
—Justify your answer. [2]
Prove that a field F be conservation iff F= Ve, where ¢ is a scalar differentiable point function. [5]
a) Evaluate 4)[(3x+4y)dx+(2x—3y)dy] where C, a circle of radius 2 with centre at the origin of the
C
X-y plane, is traversed in the positive sense. [4]
b) If t is the unit tangent vector and C is the unit circle in x-y plane with centre at the origin, then the
value of gSf-d? = [1]
C
i) 21 i) iii) % iv) 0
a) Deduce from divergence theorem J'J.ﬁ xFdS = Ji”ﬁx Fdv. [2]
S \Y%

b) Use Gauss' Divergence Theorem to evaluate ” (4xzi —y?j +4yzk)-ndS, where S is the surface of
S

the solid bounded by the sphere x* +y? +z? =10 and the paraboloid x*+y*=z-2. [3]
Verify Green's theorem in the plane for I(sz —8y*)dx + (4y —6xy)dy where C is the boundary of the
C
region defined by y =+/x and y = x?. [5]
Group—-B

Answer any two questions from Question No. 16-18 :

16.

17.

a) Find the conditions that must be satisfied for a given line to be a principal axis of a material system
at any point on its length. Find the other two principal axes. [7]

b) Two equal uniform rods AB and AC are freely jointed at A. They are placed on a table so as to be
at right angles. The rod AC is struck by a blow at C in a direction perpendicular to AC. Show that
the resulting velocities of the middle points of AB and AC are intheratio 2 : 7. [8]

a) Define a compound pendulum.

(2)



A solid homogeneous cone of height h and vertical angle 2o oscillates about a horizontal axis

through its vertex. Show that the length of the simple equivalent pendulum is g(4+tan2 ).

b) A uniform sphere of radius ‘a’ rolls down an inclined plane, rough enough to prevent any sliding.
Discuss the motion and prove that for pure rolling u>§tanoc, where o is the inclination of the

plane to the horizon and p is the co-efficient of friction.

18.a) Prove that the kinetic energy of a rigid body of mass M moving in two dimensions is equal to the
sum of the kinetic energy of the particle of mass M placed at the centre of inertia and moving with
it and the kinetic energy of the body relative to the centre of inertia.

b) A uniform rod of length 2a, is placed with one end in contact with a perfectly rough horizontal table
and is then at an inclination o to the horizon and is allowed to fall. When it becomes horizontal,

show that the angular velocity is , ,2—2sin o .

c) Explain what is meant by the length of a ‘simple equivalent pendulum’.
Answer any two questions from Question No. 19-21 :

19. A comet is moving in a parabola about the Sun as focus; when at the end of its latus rectum its velocity
suddenly becomes altered in the ratio n:1, where n<1; show that the comet will describe an ellipse

whose eccentricity is v1—2n? +2n* and whose major axis is e where 2/(is the latus rectum of the
-n

parabolic path.

20. A spherical raindrop of radius ‘a’, falling freely, receives in each instant an increase of volume equal to
Atimes its surface at that instant. Show that the velocity at the end of time t is given by

4
9 a+Aat— a .
4 (a+At)®

21. The base of a rough cycloidal arc is horizontal, its axis vertical and vertex downwards. A bead slides
along it starting from rest at the cusp and coming to rest at the vertex. Show that p’e*” =1, p being the
co-efficient of friction.

Answer one question from Question No. 22-23 :

22. When a particle is describing an elliptic orbit, determine the effect on the orbit of an instantaneous
change in the value of the absolute acceleration .

23. A particle is projected along the inner surface of a rough sphere and is acted on by no forces. Show that

it will return to the point of projection at the end of time iv(ez““ —1), where a is the radius of the
il
sphere, V is the velocity of projection and n is the co-efficient of friction.

SR

(3)

[8]

[7]

[6]

[6]
[3]

[7]

[7]

[7]

[6]

[6]



